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The notion of a two-point susceptibility kernel used to describe linear electromagnetic
responses of dispersive continuous media in non-relativistic phenomena is generalized
to accommodate the constraints required of a causal formulation in spacetimes with
background gravitational fields. In particular the concepts of spatial material in-
homogeneity and temporal non-stationarity are formulated within a fully covariant
spacetime framework. This framework is illustrated by re-casting the Maxwell-Vlasov
equations for a collisionless plasma in a form that exposes a 2-point electromagnetic
susceptibility kernel in spacetime. This permits the establishment of a perturbative
scheme for non-stationary inhomogeneous plasma configurations. Explicit formulae
for the perturbed kernel are derived in both the presence and absence of gravita-
tion using the general solution to the relativistic equations of motion of the plasma
constituents. In the absence of gravitation this permits an analysis of collisionless
damping in terms of a system of integral equations that reduce to standard Landau
damping of Langmuir modes when the perturbation refers to a homogeneous station-
ary plasma configuration. It is concluded that constitutive modelling in terms of a
2-point susceptibility kernel in a covariant spacetime framework offers a natural ex-
tension of standard non-relativistic descriptions of simple media and that its use for
describing linear responses of more general dispersive media has wide applicability in
relativistic plasma modelling.
PACS numbers: 52.27.Ny, 41.20.-q, 52.25.Dg, 52.25.Fi, 52.25.Mq
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I. INTRODUCTION
The behaviour of a material medium in response to electromagnetic and gravitational
fields encompasses a vast range of classical and quantum physics. For media composed
of a large collection of molecular or ionized structures recourse to a statistical description
is required and this often leads to a coarser description in terms of a few thermodynamic
variables and their correlations. Such a description relies on the efficacy of particular consti-
tutive models or phenomenological constitutive data that serve to circumscribe its domain
of applicability.
For phenomena where the relative motions of the constituents approach the speed of
light in vacuo or the material experiences bulk accelerations or gravitational interactions
such constitutive descriptions must be formulated within a relativistic framework. However
even within a spacetime covariant formulation there remains great freedom in how to ac-
commodate electromagnetic responses that depend on material dispersion induced by spatial
correlations or temporal delays of electromagnetic interactions1. The incorporation of such
effects in a theoretical description often relies on a detailed structural model of the medium
particularly if it is inhomogeneous or external gravitational gradients are relevant. Notwith-
standing these complexities simple constitutive models have proved of considerable value
for homogeneous polarizable media that exhibit temporal dispersion in a laboratory frame
where gravity plays no essential role. Indeed the notion of permittivity and permeability
tensors is often adequate to parametrize a large range of experimental linear responses of
simple polarizable media to external static and dynamic electromagnetic fields. More gen-
erally, for non-dispersive media these tensors can be subsumed into a susceptibility kernel
that readily accommodates special relativistic effects on the bulk motion of media.
In this article the degree to which the notion of a susceptibility kernel can be generalized
to describe linear electromagnetic responses of dispersive continuous media is explored. In
particular the effects of spatial material inhomogeneity and non-stationarity will be formu-
lated within a fully covariant spacetime framework. In this manner the formulation can
accommodate arbitrary gravitational and electromagnetic interactions. The framework will
be illustrated by re-casting the Maxwell-Vlasov equations for a collisionless plasma in a form
that exposes a 2-point2 electromagnetic susceptibility kernel in an arbitrary external grav-
itational field. This permits the establishment of a perturbative scheme for non-stationary
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inhomogeneous plasma configurations in terms of such a kernel. Explicit formulae for the
perturbed kernel are derived in both the presence and absence of gravitation in terms of
the general solution to the equations of motion of the plasma constituents. In the absence
of gravitation this permits an analysis of collisionless damping in terms of a system of in-
tegral equations that reduce to standard Landau damping of Langmuir modes when the
perturbation refers to a homogeneous stationary plasma configuration.
It is concluded that constitutive modelling in terms of a 2-point susceptibility kernel
in a covariant spacetime framework offers a natural extension of standard non-relativistic
descriptions of simple media and that its use for describing linear responses of more general
dispersive media has wide applicability in relativistic plasma modelling.
II. CONSTITUTIVE RELATIONS
In the following spacetime M is considered a globally hyperbolic, topologically trivial
four dimensional manifold endowed with a metric tensor g with signature (−1,+1,+1,+1)
describing gravitation. A closed 2-form F describes the electromagnetic field. The bundle
of exterior p−forms over M is denoted ΛpM and its sections ΓΛpM are p−forms on M . The
bundle of all forms is ΛM =
⋃p=4
p=0 Λ
pM . Associated with g is the Hodge map ?. Thus for
α ∈ ΓΛpM its corresponding Hodge dual is denoted ?α ∈ Γ4−pΛM . The tangent bundle
over M is denoted TM and its sections ΓTM are vector fields on M . We call the 1-form
J˜ = g(J,−) ∈ ΓΛ1M the metric dual of the vector field J ∈ ΓTM . Maxwell’s equations for
the electromagnetic field F ∈ ΓΛ2M in a polarizable medium containing an electric current
J ∈ ΓTM , satisfying the continuity (or current conservation) equation d? J˜ = 0, are written
dF = 0 and d ? G = − ? J˜ (1)
The excitation 2-form G ∈ ΓΛ2M can always be expressed
G = 0F + Π (2)
in terms of the permittivity 0 of free space. The polarization
3 2-form Π ∈ ΓΛ2M results
from all electromagnetic field sources not made explicit in J .
In general Π and J are non-linear functionals of F and other fields such as matter and ini-
tial data on any initial spacelike hypersurface ΣM ⊂M . Such functionals are the constitutive
relations describing G and J in terms of F and these other fields.
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It is convenient to introduce integration on a fibred manifold N of dimension n+ r with
projection piN : N → N over a manifold N of dimension n. Thus at each point σ ∈ N
one has the fibre Nσ = pi−1N {σ} =
{
(σ′, ς) ∈ N ∣∣ piN (σ′, ς) = σ} so dim(Nσ) = r is the fibre
dimension. For α ∈ ΓΛp+rN we define4,5 the form 4∫
piN
α ∈ ΓΛpN by∫
N
β ∧ 4
∫
piN
α =
∫
N
pi?N (β) ∧ α (3)
for all β ∈ ΓΛn−pN .
In terms of local coordinates (σ1, . . . , σn) and (σ1, . . . , σn, ς1 . . . ςr) for patches on N and
N respectively, one may write the fibre integral(
4
∫
piN
α
)∣∣∣∣
σ
=
∑
1≤I1<...<Ip≤n
dσI1 ∧ . . . ∧ dσIp
∫
ς∈Nσ
i∂/∂σIp . . . i∂/∂σI1α|(σ,ς) (4)
where Nσ = pi−1N ({σ}) is the fibre over the point σ ∈ N and i∂/∂σIk is the contraction on
forms. Observe that if α does not contain the factor dς1 ∧ · · · ∧ dςr then 4∫
piN
α = 0. The
proof of this is given in appendix lemma 2.
A key result of fibre integration, used to establish the current continuity equation, is that
it commutes with the exterior derivative:(
d 4
∫
piN
α
)∣∣∣∣
σ
=
(
4
∫
piN
dα
)∣∣∣∣
σ
(5)
for σ not on the boundary of N provided the support of α does not intersect the boundary
of N . The proof is given in appendix lemma 3.
In general models for Π demand a knowledge of the dynamics of sources responsible for
polarization as well as any permanent polarization that may exist in the medium. A full
dynamical description depends on a specification of appropriate initial value data ζ on ΣM .
The exact structure of ζ depends on the sources of the polarization. For the plasma model
described in section III the initial data corresponds to the velocity profile for each particle
species at each point on ΣM in the plasma.
In this article Π is considered to be an affine functional of F of the form
Π[F, ζ] = 4
∫
pX
χ ∧ p?Y (F ) + Z[ζ] (6)
for some functional Z of ζ. The first term on the right is expressed in terms of the fibre
integral of a two-point susceptibility kernel χ ∈ ΓΛ4(MX ×MY ) expressible locally as
χ = 1
4
χabcd(x, y)dx
a ∧ dxb ∧ dyc ∧ dyd (7)
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Here MX and MY are two copies of M , locally coordinated by (x
0, . . . , x3) and (y0, . . . , y3)
respectively, with projections pX : MX ×MY → MX , pY : MX ×MY → MY , pX(x, y) = x,
pY (x, y) = y and initial hypersurfaces ΣMX ⊂MX and ΣMY ⊂MY . Throughout, summation
is over Roman indices a, b, c = 0, 1, 2, 3 and Greek indices µ, ν, σ = 1, 2, 3.
To consistently remove any reference to M (without a subscript) let F ∈ ΓΛ2MY , 0F ∈
ΓΛ2MX , G ∈ ΓΛ2MX , J ∈ ΓTMX and Π[F, ζ] ∈ ΓΛ2MX . Thus 0 can be regarded as a
map 0 : ΓΛ
2MY → ΓΛ2MX which is the pullback of the natural isomorphism MX → MY ,
together with a scaling to accommodate the choice of electromagnetic units.
In terms of local coordinate bases on MX and MY the components of (6) are
Π[F, ζ]ab(x) =
∫
y∈M
1
4
χabcd(x, y)Fef (y) dy
cdef + Z[ζ]ab (8)
in a multi-index notation with
dxa1...ap ≡ dxa1 ∧ · · · ∧ dxap
and
i(x)a1...ap ≡ i ∂
∂xap
· · · i ∂
∂xa1
(Note the reverse order for internal contraction.) Summations over multi-indices I ⊂
{1, . . . , n} considered as an ordered p-list I1 < I2 < . . . < Ip of length |I| = p will also
be employed. Thus
dxI ≡ dxI1···Ip = dxI1 ∧ · · · ∧ dxIp
and
i
(x)
I ≡ i(x)I1···Ip = i ∂
∂xIp
· · · i ∂
∂xI1
so that, via summation, if α ∈ ΓΛpM then dxI ∧ i(x)I α = α where |I| = p.
In this notation the product manifold MX ×MY inherits the following maps that will be
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employed below:
dX : ΓΛ
p(MX ×MY )→ ΓΛp+1(MX ×MY ) ,
dX(α) =
∂αIJ
∂xa
dxa ∧ dxI ∧ dyJ
dY : ΓΛ
p(MX ×MY )→ ΓΛp+1(MX ×MY ) ,
dY (α) =
∂αIJ
∂ya
dya ∧ dxI ∧ dyJ
?X : ΓΛ(MX ×MY )→ ΓΛ(MX ×MY ) ,
?X (α) = αIJ(?dx
I) ∧ dyJ
where α = αIJ dx
I ∧ dyJ
Since F = dA and for A with compact support away from any boundary of MY it follows
from (6) that
Π[F, ζ] = − 4
∫
pX
(dY χ) ∧ p?Y (A) + Z[ζ]
Hence Π[F, ζ] remains invariant6 under the gauge transformation
χ −→ χ+ dY ζˇ (9)
for any ζˇ = ζˇabcdx
ab∧dyc ∈ ΓΛ3(MX×MY ). Since the support of A can be made arbitrarily
small dY χ is uniquely specified by Π[F, ζ]. Furthermore
d ? Π[F, ζ] = − 4
∫
pX
(dX ?X dY χ) ∧ p?Y (A) + d ? Z[ζ]
hence d ? Π[F, ζ] is invariant under the gauge transformation
χ −→ χ+ dY ζˇ + ?XdX ξˇ (10)
for any ζˇ = ζˇabcdx
ab∧dyc and ξˇ = ξˇabcdxa∧dybc. Similarly dX ?X dY χ is uniquely determined
by d ? Π[F, ζ].
In general, the permittivity functional Π is a non-local functional in spacetime given by
the integral (8). If χ is smooth, and not identically zero, then Π is always non-local. However
for distributional susceptibility kernels it is possible for Π to remain local. In this category
one has the local, linear Minkowski constitutive relations
Π[F ] = 0(r − 1)ivF ∧ v˜ + 0(µ−1r − 1) ?
(
(iv ? F ) ∧ F
)
6
where v ∈ ΓTMY is a vector field representing the bulk 4-velocity of the medium and
r, µr ∈ ΓΛ0MY are the relative permittivity and permeability scalars of the medium. These
relations can be represented by a distributional susceptibility kernel with support on the
diagonal set {(x, y) ∈MX ×MY |x = y}.
In general Π is said to be causal on all of M if Π|x only depends of the values of F
which lie on or within the past light-cone7,8 J−(x) ⊂ MY of x. If Π depends on ζ it may
be causal on M+X where M
+
X = ΣMX ∪ {x lies to the future of ΣMX}. The functional Π is
causal on M+X if Π[F, ζ]|x only depends on the values of F and ζ which lie on or within its
past light-cone J−(x) ∩M+X of x and x ∈ M+X . The data functional Z is casual on M+X if
Z[ζ]|x depends only on ζ ∈ ΣMX ∩ J−(x) for all x ∈ M+X . For Π to be causal on M+X it is
necessary and sufficient (lemma 5 in the appendix) that the following be satisfied:
• Z is causal on M+X ,
• (dY χ)|(x,y) = 0 for all (x, y) ∈M+X ×M+Y such that y /∈ J−(x) and
• ι?ΣMY (χ)
∣∣
(x,y) = 0 for all (x, y) ∈ M+X × ΣMY such that y /∈ J−(x), where ιΣMY :
M+X × ΣMY ↪→M+X ×M+Y is the natural embedding.
A. Spacetime homogeneous constitutive relations for media in Minkowski
spacetime
Minkowski spacetime has properties that underpin the notions of material spatial homo-
geneity and stationary processes. Being isomorphic to a real 4-dimensional vector space it
can be given an affine structure in addition to its light-cone structure. Physically this im-
plies that no particular point in a spacetime without gravitation has a distinguished status
and the concepts of material and field energy, momentum and angular momentum can be
defined in terms of the Killing symmetries of the spacetime metric. Since all points of the
spacetime are equivalent relative to this affine structure it is sufficient to denote MX and
MY by M and, relative to any point chosen as origin, a point with coordinates x can be
identified with a vector denoted by x ∈ R4. It is then convenient to introduce the Minkowski
translation map Az : M →M , Az(x) = x+ z that maps points x to x+ z on M .
If the electromagnetic properties of an unbounded medium are independent of location
in spacetime they will be called spacetime homogeneous. Such electromagnetic constitutive
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properties imply that variations in F at event y ∈M produce an induced variation in a func-
tional ΠH[F ] at event x ∈M , via a kernel χabcd(x, y) that depends on the 4-vector x− y. If
the constitutive relation is causal then there is no induced variation if x /∈ J+(y). Further-
more in a spacetime homogeneous medium Z[ζ] = ZH where ZH ∈ ΓΛ2M is independent of
ζ.
In terms of Az an electromagnetic constitutive functional ΠH is given by
ΠH[F ] = 4
∫
pX
χ ∧ p?Y (F ) + ZH (11)
The functional ΠH is said to be spacetime homogeneous
9 if
ΠH[A
?
zF ] = A
?
zΠH[F ] (12)
This follows if the susceptibility kernel χ satisfies
χ|(x+z,y+z) = χ|(x,y) (13)
and A?zZH = ZH. The contribution ZH may model the presence of an externally prescribed
stationary uniform permanent magnetic or electric polarization. Equation (13) implies the
components of χ in (7) can be written
χabcd(x, y) = Xabcd(x− y) (14)
where
Xabcd(x) = χabcd(x, 0) (15)
Thus, in a Minkowski spacetime for materials with electromagnetic spacetime homogeneous
properties, (8) can be written in terms of a convolution integral:
ΠH[F ]ab(x) =
1
4
∫
y∈M
Xabcd(x− y)Fef (y)dycdef + (ZH)ab
≡ 1
4
cdef (Xabcd ∗ Fef )(x) + (ZH)ab
(16)
where cdef = ±1, 0 denotes the Levi-Civita alternating symbol in coordinates in which the
metric tensor takes the form g = ηabdx
a ⊗ dxb where ηab = diag(−1,+1,+1,+1). In these
coordinates the (ZH)ab are all constants.
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Let Fˆef (k) and ΠˆH[F ]ab(k) denote the Fourier transforms of Fef (x) and ΠH[F ]ab(x) re-
spectively, i.e.
Fˆef (k) =
∫
x∈R4
Fef (x)e
ik·xdx0123
and
ΠˆH[F ]ab(k) =
∫
x∈R4
ΠH[F ]ab(x)e
ik·xdx0123
where k = kadx
a, k · x = kaxa. Similarly let Xˆabef (k) be the Fourier transformation of
1
2
cdefXabcd(x), i.e.
Xˆab
ef (k) = 1
2
cdef
∫
x∈R4
Xabcd(x)e
ik·xdx0123 (17)
If ZH = 0 then it follows from (16) that:
ΠˆH[F ]ab(k) =
1
2
Xˆab
cd(k) Fˆcd(k) (18)
Since χabcd is a real function on M its Fourier transform satisfies
Xˆab
cd(k)
∗
= Xˆab
cd(−k)
The 36 components of Xˆab
cd(k) subject to this symmetry can be expressed in terms of
permittivity, permeability and magneto-electric tensors relative to any observer frame. A
specification of these components together with relations that determine the electric current
J serve as an electromagnetic model for a spacetime homogeneous medium in Minkowski
spacetime. If the medium lacks this electromagnetic homogeneity recourse to the Fourier
transform (16) is not possible and the constitutive properties must be given in terms of a
2-point kernel and (8).
III. CONSTITUTIVE MODELS FOR A COLLISIONLESS IONIZED
PLASMA
As noted in the introduction the computation of the susceptibility for homogeneous sta-
tionary dispersive media owes much to phenomenological models and input from experiment.
For certain conductors, semi-conductors, insulators and low-dimensional structures much can
also be learnt from the application of quantum theory. For inhomogeneous and anisotropic
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media subject to non-stationary electromagnetic fields linear responses are often the subject
of a perturbation approach. This is particularly so in the case of ionized gases.
As an application of the above formalism the classical linear response of a fully ionized
inhomogeneous non-stationary collisionless plasma to a perturbation is considered in the
presence of an arbitrary background gravitational field. The perturbed constitutive tensor
will be calculated in terms of solutions to the classical Maxwell-Vlasov equations for the
system. This system is described in terms of the electromagnetic 2-form F ∈ ΓΛ2M+
over a gravitational spacetime M+, lying in the future of an initial hypersurface ΣM , and
a collection of one-particle “distribution” forms (of degree 6), θbαe ∈ ΓΛ6E+ (one for each
charged species of particle bαe with mass mbαe and charge qbαe) on the upper unit hyperboloid
bundle pi : E+ → M+ over M+. The 7-dimensional manifold E+ is a sub-bundle of the 8-
dimensional tangent bundle TM+ over M+ whose sections are all future pointing time-like
unit vector fields on M+. Thus generic elements of E+ can be written (z, w) with z ∈M+ ,
pi(z, w) = z and g(w,w) = −1. The initial values of the one-particle forms are given on the
hypersurface ΣE where ΣE = pi−1{ΣM} ⊂ E+.
The Maxwell-Vlasov system is usually written in terms of the Maxwell system in vacuo
and all sources are contained in the total current J ∈ ΓTM+. This in turn is given by the
sum over each species current
J =
∑
bαe
J bαe (19)
where J bαe ∈ ΓTM+. Thus in terms of F and J the Maxwell subsystem is
dF = 0 and 0d ? F = − ? J˜ (20)
The dynamic equations for each θbαe can be written succinctly in terms of forms on E+
and a collection of Liouville vector fields W bαe ∈ ΓTE+ describing the flow of the charged
particles associated with each species [α]:
W bαe|(z,w) = H(z,w)(z, w) + q
bαe
mbαe
V(z,w)(i˜(z,w)F ) (21)
in terms of certain horizontal and vertical lifts10. With these vector fields the distribution
forms θbαe are defined to satisfy the collisionless conditions:
dθbαe = 0 (22)
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and
iW bαeθ
bαe = 0 (23)
To close this system one requires:
?J˜ bαe = qbαe 4
∫
pi
θbαe (24)
The closure of θbαe leads, from (5), to the continuity equation for each species current:
d ? J˜ bαe = d
(
4
∫
pi
θbαe
)
= 4
∫
pi
dθbαe = 0 (25)
so the total current 3-form ?J˜ is closed away from the boundary ΣM .
A local coordinate system (z0, . . . , z3) for a region containing z on M+ induces a local
coordinate system (z0, . . . , z3, w1, w2, w3) on E+. Since E+ ⊂ TM+ the tangent vector for a
generic element (z, w) ∈ E+ may be written
(z, w) = wa
∂
∂za
∣∣∣∣
z
∈ E+z ⊂ TzM+
where E+z = pi−1({z}) is the 3-dimensional fibre of E+ over z coordinated by (w1, w2, w3)
and w0(z, w) is the solution to gabw
awb = −1 with w0 > 0. All indices in the range 0, 1, 2, 3
are raised and lowered using gab and gab so that w0 = w
aga0. Given a pair of vectors
(z, w), (z, v) ∈ E+z ⊂ TzM+ the horizontal lift of the vector (z, v) to the point (z, w) ∈ E+
will be denoted H(z,w)(z, v) ∈ T(z,w)E+ and is given by
H(z,w)(z, v) =
(
va
∂
∂za
− Γνef (z)wevf ∂
∂wν
)∣∣∣
(z,w)
(26)
where Γaef are the Christoffel symbols determined by the metric components g
ab. Further-
more if g(v, w) = 0 then the vertical lift of the vector (z, v) to the point (z, w) ∈ E+ is given
by
V(z,w)(z, v) =
(
vµ
∂
∂wµ
)∣∣∣
(z,w)
∈ T(z,w)E+ (27)
Thus from (21), each Liouville vector field in these coordinates can be expressed as
W bαe|(z,w) = wa ∂
∂za
+
(
− Γνef (z)wewf + q
bαe
mbαe
Fef (z)g
νewf
) ∂
∂wν
(28)
Denote by Ω ∈ ΓΛ7E+ the natural 7-form measure on E+ given in these coordinates by
Ω =
| det g|
w0
dz0123 ∧ dw123 (29)
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In ref. 11, eqn. (94) it is shown that for all species bαe
diW bαeΩ = 0 (30)
The distribution function f bαe ∈ ΓΛ0E+ relative to Ω for the species bαe is defined implicitly
via
θbαe = iW bαe(f
bαeΩ) (31)
From (30, 31) it follows that (23) is equivalent to
W bαe(f bαe) = 0 , (32)
and from (24) the components of the species current bαe are given in terms of f bαe(z, w) by
J bαeb(z) = qbαe
∫
E+z
wb|(det g)(z)|1/2
w0(z, w)
f bαe(z, w)dw123 (33)
A. Perturbation analysis
Let θbαe1 ∈ ΓΛ6E+ and F1 ∈ ΓΛ2M+ be perturbations of θbαe0 and F0, i.e.
θbαe = θbαe0 + θ
bαe
1 + . . . and F = F0 + F1 + . . . (34)
where
dθbαe0 = 0 , iW bαe0
θbαe0 = 0 ,
dF0 = 0 , 0d ? F0 = −
∑
bαe
qbαe 4
∫
pi
θbαe0
(35)
and
W bαe0 |(z,w) = H(z,w)(z, w) +
qbαe
mbαe
V(z,w)
(˜i(z,w)F0) (36)
i.e. given by substituting F = F0 into (28). Substituting F into (21) yields W
bαe = W bαe0 +
W bαe1 + . . . where W
bαe
1 = Wˆ
bαe
1 (F1) and the map Wˆ1 : ΓΛ
2M+ → ΓTE+ is given by
Wˆ bαe1 (F1)|(z,w) =
qbαe
mbαe
V(z,w)
(˜i(z,w)F1) (37)
The first order linear system for the perturbation (θ1, F1) is then
dθbαe1 = 0 , (38)
i
W
bαe
0
θbαe1 = −iWˆ bαe1 (F1)θ
bαe
0 , (39)
dF1 = 0 , (40)
0d ? F1 = −
∑
bαe
qbαe 4
∫
pi
θbαe1 (41)
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yu τ
x
v
FIG. 1. A segment of the solution curve C(x,v) to the unperturbed Lorentz force equation (46)
with final position x, final velocity (x, v), initial position y = C(x,v)(τ) and initial velocity (y, u) =
C˙(x,v)(τ).
Using (5) and (38) it follows that each species current in the sum on the right hand side
of (41) is closed away from the initial hypersurface ΣM . In terms of the excitation field
G1 ∈ ΓΛ2M+ equation (41) will be written
d ? G1 = 0 (42)
where
G1 = 0F1 + Π1[F1, ζ1] (43)
for some linear functional Π1 of F1 and ζ such that
d ? Π1[F1, ζ1] = −
∑
bαe
4
∫
pi
θbαe1 (44)
and ζ1 =
{
ζbα1e1 , ζ
bα2e
1 , . . .
}
where ζbαe1 = ξ
bαe
1 |ΣEY for some ξ
bαe
1 ∈ ΓΛ5E+Y which solves θbαe1 = dξbαe1 .
Thus ζbαe1 is related to the initial velocity profile of the species bαe.
In the next section III B the general susceptibility kernel χ ∈ ΓΛ0(M+X ×M+Y ) and linear
functional Z1, determined by θ
bαe
0 and F0, are found such that
Π1[F1, ζ1]|x = 4
∫
pX
χ ∧ p?Y (F1) + Z1[ζ1] (45)
satisfies (44).
B. A general formula for the functional Π1 in an unbounded plasma
In this section a general expression for a susceptibility kernel will be constructed in terms
of the integral curves of the vector field W
[α]
0 ∈ ΓTE+. Such curves describe segments of
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particle world lines under the influence of the Lorentz force due to the external electromag-
netic field F0. Although, for a general F0, it is not possible to derive an analytic form for
such integral curves, special cases are amenable to an analytic analysis.
It proves convenient to let the final and initial states of each species of particle reside in
fibres over M+X and M
+
Y respectively, bounded by the equivalent hypersurfaces ΣMX ⊂ M+X
and ΣMY ⊂ M+Y . Thus the corresponding upper unit hyperboloid bundles piX : E+X → M+X
and piY : E+Y → M+Y with boundary hypersurfaces ΣEX ⊂ E+X and ΣEY ⊂ E+Y are used to
accommodate the final and initial 4-velocities of the particles. The generic elements of these
bundles are written (x, v) ∈ E+X and (y, u) ∈ E+Y where x ∈ M+X , y ∈ M+Y and g(v, v) =
g(u, u) = −1. The induced coordinate systems for E+X and E+Y are (x0, . . . , x3, v1, v2, v3) and
(y0, . . . , y3, u1, u2, u3). Let v0(x, v), v0(x, v), u
0(y, u) and u0(y, u) be defined in the same way
as w0(z, w) and w0(z, w).
The contribution to the tensor Π1[F1, ζ1] due to all dynamic sources, arises from all
particle histories in the past light cone of x ∈ M+X . The history of the species particle bαe
which passes through event x with 4-velocity (x, v) ∈ E+X will therefore be parametrized by
negative proper time τ : Cbαe(x,v) : [τ
bαe
0 (x, v), 0] → M+, τ 7→ Cbαe(x,v)(τ). Such a history is the
unique solution to the Lorentz force equation
∇
C˙
bαe
(x,v)
C˙bαe(x,v) =
qbαe
mbαe
( ˜i
C˙
bαe
(x,v)
F0
)
(46)
with
g(C˙bαe(x,v), C˙
bαe
(x,v)) = −1 (47)
and final condition
Cbαe(x,v)(0) = x , C˙
bαe
(x,v)(0) = (x, v) (48)
where C˙bαe(x,v)(τ) = C
bαe
(x,v)?(∂τ |τ ) = C˙bαea(x,v)(τ) ∂∂xa and the value τ bαe0 (x, v) ≤ 0 solves
Cbαe(x,v)
(
τ bαe0 (x, v)
) ∈ ΣMY (49)
This defines the prolongation of C, C˙bαe(x,v) : [τ
bαe
0 (x, v), 0]→ E+. For each species bαe, (x, v) ∈
E+X and τ ∈ [τ bαe0 (x, v), 0] let (y, u) ∈ E+Y denote the initial state, i.e. y = Cbαe(x,v)(τ) and
(y, u) = C˙bαe(x,v)(τ), see figure 1.
The family of all such histories is described in terms of the maps
φbαe : N bαeX → E+Y , φbαe(τ, x, v) = C˙bαe(x,v)(τ) (50)
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where
N bαeX =
{
(τ, x, v) ∈ R− × E+X
∣∣ τ bαe0 (x, v) ≤ τ ≤ 0}
The manifold N bαeX with boundary is naturally a fibre bundle over E+X with projection $bαeX :
N bαeX → E+X , (τ, x, v) 7→ $bαeX (τ, x, v) = (x, v) and for any form α ∈ ΓΛpNX it follows from (4)
that
4
∫
$
bαe
X
α = dxI ∧ dyJ
∫ 0
τ
bαe
0 (x,v)
α(1)(τ, x, v)dτ
where α = α(1)(τ, x, v)dxI ∧ dyJ ∧ dτ + α(2)(τ, x, v)dxI ∧ dyJ .
Let ΓΛ5ΣEY
E+Y be the set of sections over ΣEY with values in Λ5E+Y , i.e. if α ∈ ΓΛ5ΣEY E
+
Y
then for each (y, u) ∈ ΣEY , α|(y,u) ∈ Λ5(y,u)E+Y . Let the map ϕbαe : ΓΛ5ΣEY E
+
Y → ΓΛ5E+X be
given by
ϕbαe(α)|(x,v) = φbαe?
τ
bαe
0 (x,v)
(α|
τ
bαe
0 (x,v)
) ∈ Λ5(x,v)E+X (51)
where φbαeτ : E+X → E+, φbαeτ (x, v) = φ(τ, x, v). For each species bαe let the initial data be given
by ζbαe1 ∈ ΓΛ5ΣEY E
+
Y with iW bαe0
ζbαe1 = 0.
In terms of these maps, it will now be shown that the general polarization functional Π1
on M+X is given by
Π1[F1, ζ1] =
∑
bαe
qbαe ? 4
∫
piX
4
∫
$
bαe
X
dτ ∧ φbαe?(i
Wˆ
bαe
1 (F1)
θbαe0 ) + ?d
(
Ξ1[F1]
)
+
∑
bαe
qbαe ? 4
∫
piX
ϕbαe(ζbαe1 ) + ?d
(
Zˇ1[ζ1]
) (52)
where Ξ1 and Zˇ1 are arbitrary linear functionals of F1 and ζ1 respectively. The excitation
Π1[F1, ζ1], in (52), is the general solution to (44) where the source θ1 satisfies (38,39). The
first two terms on the right hand side of (52) are linear functionals of F1 whereas the last
term is a linear functional of the initial data ζ1. Clearly ?d
(
Ξ1[F1]
)
and ?d
(
Zˇ1[ζ1]
)
are in
the kernel of d?, the homogeneous differential operator associated with (44).
The proof that (52) solves (44) requires the following lemma which is proved in the
appendix.
Lemma 1. Let N be a manifold with a boundary ΣN ⊂ N and let V ∈ ΓTN be a non-
vanishing vector field on N such that every integral curve of V intersects ΣN precisely once.
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For each σ ∈ N let the integral curve of V terminating at σ be given by γσ : [τ0(σ), 0]→ N
where γσ(0) = σ and γσ(τ0(σ)) ∈ ΣN . The set N =
{
(σ, τ) ⊂ R− ×N ∣∣ τmin(σ) ≤ τ ≤ 0}
is a fibred manifold over N with projection $N : N → N , (τ, σ) 7→ $N(τ, σ) = σ. The
family of integral curves of V can be described by the map φN : N → N , φN(τ, σ) = γσ(τ).
Let ζ ∈ ΓΛpΣNN such that iV ζ = 0, i.e. ζ is a p-form on ΣN with values in ΛpN . Let
ϕN : ΓΛ
p
ΣN
N → ΓΛpN be given by ϕN(ζ)|σ = φ?N τ0(σ)(ζ|τ0(σ)) ∈ ΛpΣNN .
If β ∈ ΓΛpN is a p-form on N with compact support such that iV β = 0 and ξ ∈ ΓΛpN
has the form
ξ = 4
∫
$N
φ?N(β) ∧ dτ + ϕN(ζ) (53)
then
iV dξ = β (54)
and ξ|ΣN = ζ.
This lemma is applied with N = E+X , $N = $bαeX , V = W bαe0 , τ0 = τ bαe0 , φN = φbαe,
ϕN = ϕ
bαe, ζ = ζbαe1 and
β = −i
Wˆ
bαe
1 (F1)
θbαe0 (55)
Thus ξ in (53) becomes the 5-form ξbαe1 ∈ ΓΛ5E+X ,
ξbαe1 = − 4
∫
$
bαe
X
φbαe?
(
i
Wˆ
bαe
1 (F1)
θbαe0
) ∧ dτ + ϕbαe(ζbαe1 ) = 4∫
$
bαe
X
dτ ∧ φbαe?(i
Wˆ
bαe
1 (F1)
θbαe0
)
+ ϕbαe(ζbαe1 )
(56)
since deg
(
φbαe?(i
Wˆ
bαe
1 (F1)
θbαe0 )
)
= 5. In order to satisfy (38) let
θbαe1 = dξ
bαe
1 (57)
Furthermore from (54) and (55)
i
W
bαe
0
θbαe1 = iW bαe0
dξbαe1 = −iWˆ bαe1 (F1)θ
bαe
0
so (39) is satisfied. In terms of ξbαe1 (52) can be written
Π1[F1, ζ1]|x =
∑
bαe
qbαe ? 4
∫
piX
ξbαe1 + ?d
(
Ξ1[F1]
)|x + ?d(Zˇ1[ζ1])
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Then from (5)
d ? Π1[F1, ζ1] = d ? ?
(∑
bαe
qbαe 4
∫
piX
ξbαe1
)
= −
∑
bαe
qbαed 4
∫
piX
ξbαe1 = −
∑
bαe
qbαe 4
∫
piX
dξbαe1
= −
∑
bαe
qbαe 4
∫
piX
θbαe1
Thus the Maxwell equation (44) is also satisfied. That (52) is the general solution to (44)
follows from the fact that the difference between any two solutions of (44) satisfies the
homogeneous differential equation associated with (44).
Thus we have succeeded in eliminating θbαe1 from the perturbation system (38-41), thereby
reducing the system to dF1 = 0 and
0d ? F1 +
1
2
∑
bαe
qbαed 4
∫
piX
4
∫
$
bαe
X
dτ ∧ φbαe?(i
Wˆ
bαe
1 (F1)
θbαe0 ) +
∑
bαe
qbαed 4
∫
piX
ϕbαe(ζbαe1 ) = 0 (58)
in terms of (θ0, F0), for the perturbation F1. The perturbation θ1 is then given by (57,56).
C. The susceptibility kernel for an unbounded collisionless plasma
Equating (52) and (45) with the initial data
Z1[ζ1] =
∑
bαe
qbαe ? 4
∫
piX
ϕbαe(ζbαe1 ) + ?d
(
Zˇ1[ζ1]
)
(59)
yields
4
∫
pX
χ ∧ p?Y (F1) =
∑
bαe
qbαe ? 4
∫
piX
4
∫
$
bαe
X
dτ ∧ φbαe?(i
Wˆ
bαe
1 (F1)
θbαe0 ) + ?d
(
Ξ1[F1]
)
(60)
Away from the initial hypersurface boundary ∂(M+X ×M+Y ) = ΣMX ×M+Y ∪M+X × ΣMY ,
using (5) and (A2) one has
4
∫
pX
?XdX ξˇ ∧ p?Y (F1) = 4
∫
pX
?Xdξˇ ∧ p?Y (F1) = ?d 4
∫
pX
ξˇ ∧ p?Y (F1) = ?d
(
Ξˇ1[F1]
)
where Ξˇ1[F1] is a linear functional of F1. The gauge freedom χ → ?XdX ξˇ given in (10) is
equivalent to the addition of the term ?d
(
Ξ1[F1]
)
in (52).
If F1 is restricted to have support in a certain domain one may find χ such that
4
∫
pX
χ ∧ p?Y (F1) =
∑
bαe
qbαe ? 4
∫
piX
4
∫
$
bαe
X
dτ ∧ φbαe?(i
Wˆ
bαe
1 (F1)
θbαe0 ) (61)
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To find such a susceptibility kernel requires the following maps.
For (y, u) ∈ E+Y , let Cbαe(y,u) : R+ → M+ and C˙bαe(y,u) : [0, τ bαe1 (y, u)
) → E+ be the unique
solutions to the unperturbed Lorentz force equation (46,47) with initial conditions
Cbαe(y,u)(0) = y and C˙
bαe
(y,u)(0) = (y, u) (62)
where τ bαe1 (y, u) ∈ R+ ∪ {∞} is the supremum of the values of τ such that Cbαe(y,u)(τ) ∈ M .
Let Φbαe : N bαeY →M+X ×M+Y ,
Φbαe(τ, y, u) =
(
Cbαe(y,u)(τ), y
)
(63)
where
N bαeY =
{
(τ, y, u) ∈ R+ × E+X
∣∣ 0 ≤ τ < τ bαe1 (y, u)}
This map gives the final and initial positions of a solution to the unperturbed Lorentz
force equation in terms of the initial position, velocity and proper time parameter τ ∈
[0, τ bαe1 (y, u)
)
.
Observe that Φbαe is never surjective, since if Φbαe(τ, y, u) = (x, y) then x ∈ J+(y). Also
Φbαe is never injective since Φbαe(0, y, u) = (y, y) for all (y, u) ∈ E+Y . Thus Φbαe does not possess
an inverse and one must work locally on M+X ×M+Y in order to establish the diffeomorphism
Ψbαe : D → D′,
Ψbαe = (Φbαe|D′)−1 (64)
i.e.
Ψbαe
(
C(y,u)(τ), y
)
= (τ, y, u)
with D ⊂M+X ×M+Y and D′ ⊂ N bαeY given by
D =
{
(x, y)
∣∣∣∣There exists a unique u ∈ Ey and τ ∈ R+ such that Cbαe(y,u)(τ) = x for all bαe }
(65)
and
D′ =
{
(τ, y, u)
∣∣∣Φbαe(τ, y, u) ∈ D for all bαe}
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This map Ψbαe encodes the solution to the two-point problem, namely given an initial event
y ∈MY and final event x ∈MX find the unique worldline to the unperturbed Lorentz force
equation which passes though these two points. This worldline is specified by its initial
velocity (y, u) ∈ E+X and its proper time τ . The statement that Φbαe does not have an inverse
is equivalent to the statement that in general there may not be a unique solution to the two
point problem on an arbitrary domain. The domain D is the set of all pairs (x, y) such that
there is a unique worldline.
Set
χ =
∑
bαe
χbαe (66)
where
χbαe|(x,y) = 12
qbαe 2
mbαe
?X dy
cd ∧ i(y)abcdΨbαe?
(
dτ ∧$bαe?Y
(
gνaubi(u)ν θ
bαe
0
))∣∣∣
(x,y)
(67)
for points (x, y) ∈ D. In the appendix (lemma 6) it is shown that given x ∈ M+X (61) and
F1 with support in
Dx = D ∩ p−1X {x} = {y ∈MY |(x, y) ∈ D} (68)
then (61) holds at x. Furthermore although (dY χ)|(x,y) is unique, χ has the gauge freedom
given by (9).
One may write (67) implicitly as
χbαe ∧ p?Y γ = −qbαe ?X SΨbαe?
(
dτ ∧$bαe?Y (iWˆ bαe1 (γ)θ
bαe
0 )
)
(69)
for all γ ∈ ΓΛ2M+Y where S : Λ6(x,y)(M+X ×M+Y )→ Λ6(x,y)(M+X ×M+Y ),
S(α) = i
(y)
0123α ∧ dy0123 (70)
The tensor projector S has the simplest representation in the coordinate basis employed
here since i
(y)
a dyb = δba.
From (64) for a chosen species bαe one must consider τ and u to be functions of (x, y)
as well as the species label bαe. Thus let Ψbαe be given by the functions τ = τ(x, y) and
uµ = uµ(x, y), where we have dropped the species label, i.e. τ(x, y) and uµ(x, y) solve the
implicit equation
Cbαe(y,u(x,y))
(
τ(x, y)
)
= x (71)
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where u0(x, y) is the solution to ua(x, y)ub(x, y)gab(y) = −1 and u0(x, y) = ga0(y)ua(x, y).
Let f bαe0 = f
bαe
0 (y, u) represent the unperturbed probability function on E+Y . The contribution
to the susceptibility kernel from species bαe is given in local coordinates by (lemma 7 in
appendix.)
χbαe|(x,y) = −f bαe0
qbαe2
mbαe
| det g|3/2
4u0
gµcubdejkcbihµνσ×(
ua
2
∂τ
∂ya
∂uν
∂xd
∂uσ
∂xe
− u
a
2
∂τ
∂xd
∂uν
∂ya
∂uσ
∂xe
+
ua
2
∂τ
∂xd
∂uν
∂xe
∂uσ
∂ya
+
(− Γνpfupuf + qbαe
mbαe
F0pfg
νpuf
) ∂τ
∂xd
∂uσ
∂xe
)
dxjk ∧ dyih
(72)
where g, F0 and Γ
ν
ef are all evaluated at y ∈ M+Y and each τ and u belongs to the species
bαe. This is a key result of our article.
D. A spacetime inhomogeneous microscopically neutral plasma.
In a Vlasov model, a plasma or gas is deemed microscopically neutral if in its unperturbed
state F0 = 0. Let M be Minkowski spacetime with global Lorentzian coordinates so that
Γνab = 0. Assume that f
bαe
0 solves the zeroth order Maxwell-Vlasov system (35) with θ
bαe
0 =
i
W
bαe
0
(f bαe0 Ω) and F0 = 0. In this scenario one can calculate χ explicitly.
Since Minkowski spacetime is flat and F0 = 0 the integral curves C(x,v) in global Lorentzian
coordinates are the straight lines:
τ =
√
−g(x− y, x− y) and u = (x− y)
τ
(73)
Differentiating with respect to xa and ya gives.
∂τ
∂xa
= −ua , ∂τ
∂ya
= ua ,
∂ua
∂xb
=
(δab + uaub)
τ
and
∂ua
∂yb
= −(δ
a
b + uaub)
τ
(74)
If follows from (72) that
χbαe|(x,y) = q
bαef bαe0 (y, u)
4u0τ 2
gµcubcbih
(
2dx0µ + 
dσjkµνσu
νuddxjk
) ∧ dyih (75)
where τ(x, y) and u(x, y) are given by (73).
20
It is often useful to explore the response of an inhomogeneous plasma due to a monochro-
matic electromagnetic plane wave with constant amplitude E:
F1 = Ee
−iωx0+ikx1dx01 . (76)
Setting the initial hypersurface as ΣEY = {y0 = y00}, the general initial 5-form ζbαe1 ∈ ΓΛ5ΣEY E
+
Y
satisfying iW0ζ
bαe
1 = 0 is given in terms of its components by
ζbαe1 |(0,yµ,uν) =
(
u0dy1 − u1dy0) ∧ (ζbαe1,1dy2 ∧ du123 + ζbαe1,2dy3 ∧ du123)+ ζbαe1,3dy23 ∧ du123
+
(
u0dy123 − u1dy023)(ζbαe1,4du12 + ζbαe1,5du13 + ζbαe1,6du23) (77)
where ζbαe1,A = ζˇ
bαe
1,A(y
µ, uν) for A = 1, . . . 6. For the integral curves (73) and the initial
hypersurface ΣEY = {y0 = y00} one has τ0(x, v) = (y00 − x0)/v0 and the map ϕ is given by
(51) with φ?τ (y
a) = xa + τya and φ?τ (u
a) = va From (45) with χ given by (75) and Z1[ζ1]
given by (59) one has:
Π1[F1, ζ1] =
−
∑
bαe
qbαe 2
mbαe
Ee−iωx
0+ikx1
{
dx01
∫
dv123T bαe
(v0)2 − (v1)2
v0
+ dx12
∫
dv123T bαev2
− dx02
∫
dv123T bαe
v2v1
v0
+ dx13
∫
dv123T bαev3 + dx03
∫
dv123T bαe
v3v1
v0
}
+
∑
bαe
qbαe
{
dx02
∫
dv123
(
ζbαe1,4
v1(x0 − y00)
v0
− ζbαe1,1v1
)
+ dx03
∫
dv123
(
ζbαe1,5
v1(x0 − y00)
v0
− ζbαe1,2v1
)
+ dx12
∫
dv123
(
v0ζbαe1,1 − ζbαe1,4(x0 − y00)
)
+ dx13
∫
dv123
(
v0ζbαe1,2 − ζbαe1,5(x0 − y00)
)
+ dx23
∫
dv123
(
ζbαe1,3 + ζ
bαe
1,4
v1v3(x0 − y00)
(v0)2
− ζbαe1,5
v1v2(x0 − y00)
(v0)2
+ ζbαe1,6(x
0 − y00)
(v1
v0
− 1
))}
+ ?d
(
Ξ1[F1]
)
+ ?d
(
Zˇ1[ζ1]
)
(78)
where
∫
dv123 denotes the triple integral operator
∫∫∫∞
−∞ dv
123, v0 =
√
1 + vµvµ,
T bαe = T bαe(x, v) =
∫ 0
(y00−x0)/v0
eiτ(−ωv
0+kv1)f bαe0 (x+ τv, v)τdτ (79)
and ζbαe1,A = ζ
bαe
1,A(x
µ, vµ) = ζˇbαe1,A
(
xµ − x0vµ/v0, vν) in (78). This response is not in general
plane fronted.
For the particular case of a plane fronted plasma distribution:
f bαe0 (x, v) = h
bαe
0 (x
0, x1, v1)δ(v2)δ(v3) (80)
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with initial data:
ζbαe1 = 0
(78) becomes the plane fronted 2-form
Π1[F1, ζ]|x
= −dx01
∑
bαe
qbαe 2
mbαe
Ee−iωx
0+ikx1
∫ ∞
−∞
dv1
∫ 0
(y00−x0)/v0
dτ eiτ(−ωv
0+kv1)hbαe0 (x
0 + τv0, x1 + τv1, v1)
τ
v0
+ ?d
(
Ξ1[F1]
)
(81)
describing the response of a spacetime inhomogeneous unbounded plasma to (76).
E. Spacetime homogeneous unbounded plasmas
The previous discussion simplifies considerably if the unperturbed plasmas is homoge-
neous in space and time. In Minkowski spacetime M , an unbounded unperturbed plasma
is deemed spacetime homogeneous if A?zF0 = F0 and A˙
?
zθ
bαe
0 = θ
bαe
0 for all z ∈ M where the
translation map Az : M → M , Az(x) = x + z induces the map A˙z : E → E , A˙z = Az?.
Such spacetime homogeneity implies that in all inertial frames the medium is stationary and
spatially homogeneous in all directions. Such a spacetime homogeneous plasma will give rise
to a spacetime homogeneous electromagnetic constitutive relation. In addition to the com-
ponents (F0)ab with respect to an inertial frame being constant, the functions f
bαe(x, v) are
independent of event position x and can therefore be written f bαe(v).
In this scenario the Fourier transform (17) of the susceptibility kernel (18) for each species,
is then given by
χˆbαeab
ef (k)dxab
= 1
2
qbαedxgh
∫ 0
−∞
dτ
∫
dv123f bαe0 (v)e
−ik·Lbαev v
g
v0
(
gνeuf − gνfue)(Lbαeνh(τ)− uν
u0
Lbαe0
h(τ)
)
(82)
where F 0 is the 4×4 real matrix with components (F 0)ab = ηac(F0)cb generating the matrices
Dbαe
a
b(τ) = exp
(
τ
qbαe
mbαe
F 0
)a
b
, Dbαeb
a(τ) = gbcD
bαec
d(τ)g
da ,
Lbαe
a
b(τ) =
∫ τ
0
Dbαe
a
b(τ
′) dτ ′ , Lbαeba(τ) = gbcLbαe
c
d(τ)g
da ,
(83)
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k ·Lbαev = kaLbαeab(τ)vb and
ua(τ, v1, v2, v3) = Dbαe
a
b(τ)v
b (84)
The susceptibility kernel (82) can be shown to agree with the results of O’Sullivan and
Derfler12.
Furthermore for a microscopically neutral spacetime homogeneous plasma with F0 = 0,
G1 = 0 and f
bαe
0 (v) = h
bαe
0 (v
1)δ(v2)δ(v3) it follows from (81) and (43) that for Im(ω) > 0
1 =
∑
bαe
qbαe 2
mbαe0
∫ ∞
−∞
hbαe0 (v
1) dv1
v0(−ωv0 + kv1)2 (85)
The relativistic Landau damped dispersion relation for plane fronted Langmuir modes in an
unperturbed spacetime homogeneous plasma arises by analytic continuation of the integral
(85) to the lower-half complex ω plane.
F. Langmuir modes for an inhomogeneous unbounded plasma in Minkowski
spacetime
If the plasma is microscopically neutral but spacetime inhomogeneous in its unperturbed
state the Landau dispersion relation corresponding to (85) becomes more involved. We
define the generalized Langmuir sector to contain perturbations described by (81) but with
the external polarization specified by Ξ1[F1] set to zero. Since ζ
bαe
1 = 0, Π1[F1, 0] will be
denoted Π1[F1]. Thus (43) with G1 = 0 becomes
0F1 = −Π1[F1] (86)
Consider the case where planar inhomogeneities in a plasma composed of electrons and
ions arise from the unperturbed spacetime inhomogeneous solution to the Maxwell-Vlasov
system: (35-36) with F0 = 0 and
f
bele
0 (x
0, x1, x2, x3, v1, v2, v3) = f
bione
0 (x
0, x1, x2, x3, v1, v2, v3)
= h
(
x1 − v
1x0
v0
, v1
)
δ(v2)δ(v3)
(87)
where qbele = −qbione.
For example one might consider
h(x1, v1) = nbione(x1)Abione(x1) exp
(
− m
bionev0
kBT bione(x1)
)
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where Abione(x1) normalizes (87). Then f bione initially at x0 = 0 represents a distribution of
ions where, at each spatial point x1, the velocities belong to the 1-dimensional Maxwell-
Ju¨ttner distribution. In such a distribution the temperature T bione(x1) and the number
density of ions nbione(x1) depend on position. It follows from (87) that f bele also initially rep-
resents a position dependent Maxwell-Ju¨ttner distribution where nbele(x1) = nbione(x1) and
T bele(x1) = T bione(x1)mbele/mbione. After the initial moment, the ions and electrons drift accord-
ing to (87) and velocities do not remain in the Maxwell-Ju¨ttner distributions. Alternatively
(87) might describe a plasma composed of particles and anti-particles.
In the theory of a spacetime homogeneous plasma ω and k satisfy the transcendental
dispersion relation (85). This relation contains an integral that is potentially singular. The
Landau prescription circumvents this singularity by complexifying ω and defining an analytic
continuation for the integral in the complex ω plane.
Setting hbαe0 (x
0, x1, v1) = h
(
x1 − v1x0/v0, v1) in (80) yields (87) and (81) becomes
Π1[F1]|x
= −dx01qbele 2
( 1
mbione
+
1
mbele
)
Ee−iωx
0+ikx1
∫ ∞
−∞
dv1h
(
x1 − v
1x0
v0
, v1
)∫ 0
(y00−x0)/v0
dτ eiτ(−ωv
0+kv1) τ
v0
(88)
To compare with the results (85) given for the homogeneous case, consider the limit y00 →
−∞ with Im(ω) > 0. Furthermore for the non-evanescent modes considered here Im(k) = 0.
Thus (88) becomes
Π1[F1]|x = −dx010Q20Ee−iωx
0+ikx1
∫ ∞
−∞
dv1
h(x1 − v1x0/v0, v1)
v0(−ωv0 + kv1)2 (89)
where
Q20 =
qbele 2
0mbione
+
qbele 2
0mbele
In a spacetime inhomogeneous plasma there is no time-harmonic solution or associated
transcendental dispersion relation between ω and k. We therefore propose solving (86) with
a longitudinal field F1 represented as the packet
F1(x
0, x1) = dx01
∫ ∞
−∞
dωˆ
∫ ∞
−∞
dkˆ Eˆ(ωˆ, kˆ)e−iωˆx
0+ikˆx1 (90)
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Substituting (89) and (90) into (86) yields∫ ∞
−∞
dωˆ
∫ ∞
−∞
dkˆ Eˆ(ωˆ, kˆ)e−iωˆx
0+ikˆx1
= Q20
∫ ∞
−∞
dωˆ
∫ ∞
−∞
dkˆ Eˆ(ωˆ, kˆ)e−iωˆx
0+ikˆx1
∫ ∞
−∞
dv1
h(x1 − v1x0/v0, v1)
v0(ωˆv0 + kˆv1)2
Performing the inverse Fourier transform gives
4pi2Eˆ(ω, k)
= Q20
∫ ∞
−∞
dx0
∫ ∞
−∞
dx1
∫ ∞
−∞
dωˆ
∫ ∞
−∞
dkˆ Eˆ(ωˆ, kˆ)ei(−(ωˆ−ω)x
0+(kˆ−k)x1)
∫ ∞
−∞
dv1
h(x1 − v1x0/v0, v1)
v0(ωˆv0 + kˆv1)2
Since∫ ∞
−∞
dx0
∫ ∞
−∞
dx1ei(−(ωˆ−ω)x
0+(kˆ−k)x1)h(x1 − v1x0/v0, v1) = 2pihˆ(k − kˆ, v1)δ(ωˆ − ω + v1(k − kˆ)/v0)
where
hˆ(k, v1) =
∫ ∞
−∞
e−iksh(s, v1)ds
one has
Eˆ(ω, k) =
Q20
2pi
∫ ∞
−∞
dωˆ
∫ ∞
−∞
dkˆ
∫ ∞
−∞
dv1
Eˆ(ωˆ, kˆ)
v0(ωˆv0 + kˆv1)2
hˆ(k − kˆ, v1)δ(ωˆ − ω + v1(k − kˆ)/v0)
(91)
Since we restrict to non-evanescent modes k and kˆ are real. For Eˆ(ω, k) to be non-zero
one requires the argument of the δ-function to be zero. Since v1 is real and therefore
v1(k − kˆ)/v0 is real it follows that although Im(ω) > 0 and Im(ωˆ) > 0 the difference ω − ωˆ
is real. Furthermore from ωˆ − ω + v1(k − kˆ)/v0 = 0 it follows that |ωˆ − ω| < |kˆ − k|. Thus
(91) becomes
Eˆ(ω, k) =
Q20
2pi
∫ ∞
−∞
dkˆ I(ω, k, kˆ) (92)
where
I(ω, k, kˆ) =
∫
S(ω,k,kˆ)
dωˆ Eˆ(ωˆ, kˆ)
(k − kˆ)
(ωˆk − kˆω)2 hˆ
(
k − kˆ, k − kˆ√
(kˆ − k)2 − (ωˆ − ω)2
)
(93)
and the contour of integration for ωˆ in (93) is the straight line S(ω, k, kˆ) where Im(ωˆ) =
Im(ω) > 0 and −|kˆ− k| < Re(ωˆ− ω) < |kˆ− k|. Since (ωˆ− ω)2 < (kˆ− k)2 the arguments of
hˆ in (93) are always real and non-singular on S(ω, k, kˆ).
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ωˆ - C-plane
Im(ωˆ)
Re(ωˆ)
Im(ω) > 0
Im(ω) < 0
ω
ω
ωˆ0
ωˆ0
ω+|k−kˆ|ω−|k−kˆ|
ω+|k−kˆ|ω−|k−kˆ|
FIG. 2. The upper contour denotes S(ω, k, kˆ) when Im(ω) > 0 for real k, kˆ. The lower contour of
integration is used when Im(ω) < 0 for real k, kˆ.
ω - C-planeIm(ω)
Re(ω)
|k|−|k|
b
ra
n
ch
cu
t
b
ra
n
ch
cu
t
√
k2 − ω2 > 0
FIG. 3. Branch cuts in ω for I(ω, k, kˆ).
To accommodate the situation when Eˆ(ω, k) describes damped electromagnetic waves
one must continue (93) to Im(ω) < 0 for real k. However there is a double pole in the
complex ωˆ plane at ωˆ = ωˆ0 = kˆω/k that coincides with S(ω, k, kˆ) when Im(ω) = 0 and
|ω| < |k|. To define an analytic continuation of (93) to Im(ω) < 0 when |Re(ω)| < |k|, we
indent S(ω, k, kˆ) to encircle the pole in the standard manner and write the contour integral
in terms of a principle part and associated residue, see figure 2. Such a continuation scheme
gives rise to branches in the ω plane for I(ω, k, kˆ) as shown in figure 3.
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This analytic continuation of (93) to Im(ω) < 0 aquires the residue
R(ω, k, kˆ) =
|k − kˆ|
k |k|
∂Eˆ
∂ω
(ωkˆ
k
, kˆ
)
hˆ
(
k − kˆ, sksk−kˆω√
k2 − ω2
)
− k
(k2 − ω2)3/2 Eˆ
(ωkˆ
k
, kˆ
)
hˆv1
(
k − kˆ, sksk−kˆω√
k2 − ω2
)
where hˆv1(k, v
1) = ∂hˆ
∂v1
(k, v1), sk = k/|k| and sk−kˆ = (k − kˆ)/|k − kˆ|. In the case when
Im(ω) = 0, the principle value of (93) is taken together with residue 1
2
R(ω, k, kˆ). Equation
(92) then gives
Eˆ(ω, k) =
k
2pi
∫ ∞
−∞
I(ω, k, kˆ) dkˆ if Im(ω) > 0 or |Re(ω)| > |k|
Eˆ(ω, k) =
k
2pi
∫ ∞
−∞
I(ω, k, kˆ) dkˆ − ik
∫ ∞
−∞
R(ω, k, kˆ) dkˆ
if Im(ω) < 0 and |Re(ω)| ≤ |k|
Eˆ(ω, k) =
k
2pi
∫ ∞
−∞
PI(ω, k, kˆ) dkˆ − ik
2
∫ ∞
−∞
R(ω, k, kˆ) dkˆ
if Im(ω) = 0 and |Re(ω)| < |k|
(94)
where PI(ω, k, kˆ) in (94) refers to the principle part of (93) when Im(ω) = 0 and |Re(ω)| <
|k| and hence the pole at ωˆ0 lies on the contour S(ω, k, kˆ). Thus in each domain above, the
perturbation Eˆ(ω, k) must be determined by solving a non-standard integral equation.
IV. CONCLUSIONS
In this article a classical covariant description of electromagnetic interactions in contin-
uous matter in an arbitrary background gravitational field has been formulated in terms
of a polarization 2-form that enters into the macroscopic Maxwell equations. Linear dis-
persive constitutive relations arise when this 2-form is expressed as an affine functional of
the Maxwell 2-form with the aid of a 2-point susceptibility kernel. We have explored the
constraints on this kernel imposed by causality requirements, spacetime Killing symmetries
and local gauge freedoms. The formalism has been applied to an analysis of constitutive
models for waves in collisionless plasmas. In particular a formula for the linear susceptibility
of a fully ionized inhomogeneous unbounded non-stationary collisionless plasma to a pertur-
bation in the presence of gravity has been given in terms of maps describing the dynamics
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of the plasma. This formula has been elucidated by reference to both homogeneous and
inhomogeneous perturbations in Minkowski spacetime. In the former case one recovers the
standard Landau dispersion relation when perturbing Langmuir modes. In the latter case
we have described a generalized damping mechanism for such modes that may arise when
the unperturbed state is both inhomogeneous and non-stationary. Such a mechanism arises
from the analytic continuation of an integral equation that replaces the Landau dispersion
relation.
It is concluded that the use of a covariant 2-point affine susceptibility kernel in describ-
ing the electromagnetic response of dispersive media offers a modelling tool that naturally
generalizes the use of permittivity and permeability tensors used to model electromagnetic
interactions in non-relativistic media. The formulation in terms of an arbitrary background
spacetime metric offers potential applications in a number of astrophysical contexts involving
electromagnetic fields in inhomogeneous or non-stationary plasmas
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Appendix A: Proofs of results used used in the text.
Lemma 2. Local representation of 4
∫
piN
α in (4) from the implicit definition in equation (3).
Proof. On a fibred manifold N of dimension n + r with projection piN : N → N over a
manifold N of dimension n. Thus at each point σ ∈ N one has the fibre Nσ = pi−1N {σ} ={
(σ′, ς) ∈ N ∣∣ piN (σ′, ς) = σ} so dim(Nσ) = r is the fibre dimension. Let (σ1, . . . , σn) and
(σ1, . . . , σn, ς1 . . . ςr) be local coordinates for patches on N and N respectively.
Consider first the case when α ∈ ΓΛp+rN consists of a single component αI(σ, ς)dσI ∧
dς1...r with no sum on I. Hence explicit summation will be used in this particular proof. Set
Iˆ = {1, . . . , n}\I so that dσIˆ ∧ dσI = ±dσ1...n and let β = ∑J βJ(σ)dσJ then β ∧ dσI =
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±βIˆαIdσ1...n so that:∑
J
∫
(σ,ς)∈N
pi?N (βJ(σ)dσ
J) ∧ αI(σ, ς)dσI ∧ dς1...r
=
∑
J
∫
(σ,ς)∈N
βJ(σ)dσ
J ∧ αI(σ, ς)dσI ∧ dς1...r
=
∑
J
∫
(σ,ς)∈N
βJ(σ)dσ
J ∧ dσI ∧ αI(σ, ς)dς1...r
=
∫
(σ,ς)∈N
βIˆ(σ)dσ
Iˆ ∧ dσI ∧ αI(σ, ς)dς1...r
=
∫
σ∈N
βIˆ(σ)dσ
Iˆ ∧ dσI
∫
Nσ
αI(σ, ς)dς
1...r
=
∑
J
∫
σ∈N
βJ(σ)dσ
J ∧ dσI
∫
Nσ
αI(σ, ς)dς
1...r
=
∫
σ∈N
β ∧ dσI
∫
Nσ
αI(σ, ς)dς
1...r
Thus by linearity ∫
N
pi?N (β) ∧ α =
∑
I
∫
σ∈N
β ∧ dσI
∫
Nσ
αI(σ, ς)dς
1...r (A1)
where α =
∑
I αI(σ, ς)dσ
I ∧ dς1...r. If (4) holds then for α = ∑I αI(σ, ς)dσI ∧ dς1...r,∫
N
β ∧ 4
∫
piN
α =
∑
I
∫
N
β ∧ dσI
∫
ς∈Nσ
i
(σ)
I α|(σ,ς) =
∑
I
∫
N
β ∧ dσI
∫
ς∈Nσ
αIdς
1...r
=
∫
N
pi?N (β) ∧ α
Hence (3). Conversely if (3) holds for α =
∑
I αI(σ, ς)dσ
I ∧ dς1...r then from (A1)∫
N
β ∧ 4
∫
piN
α =
∫
N
pi?N (β) ∧ α =
∑
I
∫
N
β ∧ dσI
∫
ς∈Nσ
i
(σ)
I α|(σ,ς)
Since this is true for all β then (4) holds.
If α does not contain the factor ς1...r i.e. α = αIK(σ, ς)dσ
I ∧ dςK where K 6= {1, . . . , r}
then the right hand side of (3) becomes∫
N
pi?N (β) ∧ α =
∑
J
∫
N
βJαIK(σ, ς)dσ
J ∧ dσI ∧ dςK = 0
and the right hand side of (4) becomes∑
I
dσI
∫
ς∈Nσ
αIK(σ, ς)dς
K = 0
Thus by linearity (3) and (4) are equivalent for all α.
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Lemma 3. Verification of equation (5):(
d 4
∫
piN
α
)∣∣∣∣
σ
=
(
4
∫
piN
dα
)∣∣∣∣
σ
Proof. Let deg(α) = p+ r, deg(β) = n− p− 1 and ∂N and ∂N be the boundaries of N and
N . Since σ /∈ ∂N one may choose β to have support away from ∂N thus∫
∂N
β ∧
(
4
∫
piN
α
)
= 0
and since α has support away from ∂N then∫
∂N
pi?Nβ ∧ α = 0
It follows that∫
N
β ∧
(
4
∫
piN
dα
)
=
∫
N
pi?N (β) ∧ dα
= (−1)n−p−1
∫
N
d
(
pi?N (β) ∧ α
)
+ (−1)n−p
∫
N
dpi?N (β) ∧ α
= (−1)n−p−1
∫
∂N
pi?N (β) ∧ α + (−1)n−p
∫
N
pi?N (dβ) ∧ α
= (−1)n−p
∫
N
dβ ∧
(
4
∫
piN
α
)
= (−1)n−p
∫
N
d
(
β ∧
(
4
∫
piN
α
))
+
∫
N
β ∧ d
(
4
∫
piN
α
)
= (−1)n−p
∫
∂N
β ∧
(
4
∫
piN
α
)
+
∫
N
β ∧ d
(
4
∫
piN
α
)
=
∫
N
β ∧ d
(
4
∫
piN
α
)
Lemma 4. Proof of
4
∫
pX
?Xα = ? 4
∫
pX
α (A2)
Proof. The only non-trivial α ∈ ΓΛ(MX ×MY ) in (A2) can be written α = αIdxI ∧ dy0123.
Then
4
∫
pX
?X
(
αIdx
I ∧ dy0123) = 4∫
pX
αI(?dx
I) ∧ dy0123 = ?dxI
∫
MX
αIdy
0123 = ? 4
∫
pX
αIdx
I ∧ dy0123
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Lemma 5. Π is causal on M+X if and only if
• Z is causal on M+X ,
• (dY χ)|(x,y) = 0 for all (x, y) ∈M+X ×M+Y such that y /∈ J−(x) and
• ι?ΣMY (χ)
∣∣
(x,y) = 0 for all (x, y) ∈ M+X × ΣMY such that y /∈ J−(x), where
ιΣMY : M
+
X × ΣMY ↪→M+X ×M+Y is the natural embedding.
(A3)
Proof. If ιˆΣMY : ΣMY ↪→M+Y is the natural embedding then i
(x)
ab ι
?
ΣMY
χ|(x,y) = ιˆ?ΣMY i
(x)
ab χ|(x,y),
and∫
y∈M+Y
i
(x)
ab
(
χ| ∧ p?Y (dA|y)
)
=
∫
y∈M+Y
i
(x)
ab
(
χ ∧ dY (p?YA)
)|(x,y)
=
∫
y∈M+Y
i
(x)
ab dY
(
χ ∧ p?YA|y
)∣∣
(x,y)
−
∫
y∈M+Y
i
(x)
ab
(
dY χ ∧ p?YA|y
)∣∣
(x,y)
=
∫
y∈M+Y
dY
(
i
(x)
ab χ ∧ p?YA|y
)∣∣
(x,y)
−
∫
y∈M+Y
i
(x)
ab
(
dY χ ∧ p?YA|y
)∣∣
(x,y)
=
∫
y∈ΣMY
ιˆ?ΣMY
i
(x)
ab
(
χ ∧ p?YA|y
)∣∣
(x,y)
−
∫
y∈M+Y
i
(x)
ab
(
dY χ ∧ p?YA|y
)∣∣
(x,y)
=
∫
y∈ΣMY \J−(x)
i
(x)
ab ι
?
ΣMY
(
χ ∧ p?YA|y
)∣∣
(x,y)
+
∫
y∈ΣMY ∩J−(x)
i
(x)
ab ι
?
ΣMY
(
χ ∧ p?YA|y
)∣∣
(x,y)
−
∫
y∈M+Y \J−(x)
i
(x)
ab
(
dY χ ∧ p?YA|y
)∣∣
(x,y)
−
∫
y∈M+Y ∩J−(x)
i
(x)
ab
(
dY χ ∧ p?YA|y
)∣∣
(x,y)
(A4)
First one argues that (A3) implies that Π is causal on M+X . Given x ∈M+X and F1, F2 ∈
ΓΛ2M+Y such that F1|y = F2|y = 0 for y ∈ J−(y), set F = F1 − F2 so that F = 0 on J−(x).
Since M+Y is topologically trivial F is exact, F = dAˆ, and hence dAˆ = 0 on J
−(x). Then
since J−(x) is topologically trivial there exists f ∈ ΓΛ0M+Y such that Aˆ = df on J−(x).
Thus one can choose a gauge A = Aˆ−df so that A = 0 on J−(x). Given ζ such that ζ|y = 0
for y ∈ J−(x) ∩ ΣMY then Z[ζ]|x = 0 since Z is causal. Thus from (A4)
Π[F, ζ]ab(x) =
∫
y∈M+Y
i
(x)
ab
(
χ| ∧ p?Y (dA|y)
)
=
∫
y∈ΣMY \J−(x)
i
(x)
ab ι
?
ΣMY
(
χ ∧ p?YA|y
)∣∣
(x,y)
+
∫
y∈ΣMY ∩J−(x)
i
(x)
ab ι
?
ΣMY
(
χ ∧ p?YA|y
)∣∣
(x,y)
−
∫
y∈M+Y \J−(x)
i
(x)
ab
(
dY χ ∧ p?YA|y
)∣∣
(x,y)
−
∫
y∈M+Y ∩J−(x)
i
(x)
ab
(
dY χ ∧ p?YA|y
)∣∣
(x,y)
= 0
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since ι?ΣMY
χ|(x,y) = 0 for y ∈ ΣMY \J−(x), A|y = 0 for y ∈ J−(x) and dY χ = 0 for y ∈
M+Y \J−(x).
Conversely if Π is causal on M+X then setting F = 0 in (6) shows that Z must be causal
on M+X . Then setting ζ = 0 then for all A such that A = 0 on J
−(x) (A4) yields
0 = Π[F, ζ]ab(x)
=
∫
y∈ΣMY \J−(x)
i
(x)
ab ι
?
ΣMY
(
χ(x,y) ∧ p?YA|y
)∣∣
(x,y)
−
∫
y∈M+Y \J−(x)
i
(x)
ab
(
dY χ(x,y) ∧ p?YA|y
)∣∣
(x,y)
(A5)
The 4-dimensional domain M+Y \J−(x) denotes points outside the backward lightcone of
x, while the 3-dimensional domain ΣMY \J−(x) denotes the points on ΣMY that are not
causally connected to x. Choosing such an A to have support about a small neighbourhood
of y ∈M+Y \J−(x)\ΣMY results in the first term of (A5) being zero and thus (dY χ)|(x,y) = 0.
Likewise setting A to have support about a small neighbourhood of y ∈ ΣMY \J−(x) implies
ι?ΣMY
(χ)|(x,y) = 0.
One can now prove lemma 1 in section III B.
Proof of lemma 1. Given σ ∈ N , with V non vanishing there exists a coordinate system
(σ1, . . . , σn) on N adapted to V so that V = ∂
∂σ1
and the image of the curve γσ : [τ0(σ), 0]→
N is contained in the coordinate patch. Write β = βIdσ
I then since iV β = 0 the sum is over
I ∈ {2, . . . , n}. With σ1 distinguished write βI(σ) = βI(σ1, σ) where σ = (σ2, . . . , σn). Also
since iV β = 0, β|(σ1,σ) = βI(σ1, σ)dσI . Likewise since iV ζ = 0 one has ζ|σ0 = ζI(σ0)dσI .
Solving for the integral curves of V gives φN(τ, σ
1, σ) = (τ + σ1, σ)
φ?N(β)|(τ,σ1,σ) = βI(τ + σ1, σ)dσI
and one may write τ0(σ
1, σ) = τ0(σ)− σ1, giving
ϕN(ζ)|(σ1,σ) = φ?Nτ0(σ1,σ)(ζ|τ0(σ)) = ζI
(
τ0(σ), σ
)
dσI
Thus
ξ|(σ1,σ) = 4
∫
$N
φ?N(β) ∧ dτ + ϕN(ζ)
=
(∫ 0
τ=τ0(σ)−σ1
βI(σ
1 + τ, σ)dτ + ζI
(
τ0(σ), σ
))
dσI
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Hence iV ξ = 0 and one may write ξ|(σ1,σ) = ξI(σ1, σ)dσI . Now
ξI(σ
1, σ) =
∫ 0
τ=τ0(σ)−σ1
βI(σ
1 + τ, σ)dτ + ζI
(
τ0(σ), σ
)
=
∫ σ1
τ=τ0(σ)
βI(τ
′, σ)dτ ′ + ζI
(
τ0(σ), σ
)
where τ ′ = τ + σ1 and
iV dξ|(σ1,σ) = i ∂
∂σ1
d(ξI(σ
1, σ)dσI) = i ∂
∂σ1
(
dξI(σ
1, σ) ∧ dσI) = ∂ξI(σ1, σ)
∂σ1
dσI
=
∂
∂σ1
(∫ σ1
τ=τ0(σ)
βI(τ
′, σ)dτ ′ + ζI
(
τ0(σ), σ
))
dσI = βI(σ
1, σ)dσI = β|(σ1,σ)
Since σ1 = 0 on ΣN
ξ|(0,σ) = ξI(τ0(0, σ), σ)dσI = ξI(τ0(σ), σ)dσI = ζI(τ0(σ), σ)dσI = ζ|(0,σ)
i.e. ξ|ΣN = ζ.
Lemma 6. Proof that (66,67) implies (61) and that (66,69) implies (61).
Proof. First (67) is equivalent to (69) since given γ ∈ ΓΛ2M+Y one has i˜(y,u)γ = uaγabgbc ∂∂yc
and hence Wˆ bαe(γ) = q
bαe
mbαeV(y,u)(i˜(y,u)γ) = q
bαe
mbαeu
aγabg
bν ∂
∂uν
. From (67) it follows that
χbαe ∧ p?Y γ = 12
qbαe 2
mbαe
?X dy
cd ∧ i(y)abcdΨbαe?
(
dτ ∧$bαe?Y
(
gνaubi(u)ν θ
bαe
0
)) ∧ p?Y γ
=
qbαe 2
mbαe
?X Si
(y)
ab Ψ
bαe?
(
dτ ∧$bαe?Y
(
gνaubi(u)ν θ
bαe
0
)) ∧ p?Y γ
= −q
bαe 2
mbαe
?X SΨ
bαe?
(
dτ ∧$bαe?Y
(
gνaubi(u)ν θ
bαe
0
)) ∧ i(y)ab p?Y γ
= −q
bαe 2
mbαe
?X SΨ
bαe?
(
dτ ∧$bαe?Y
(
γabg
νaubi(u)ν θ
bαe
0
))
= −qbαe ?X SΨbαe?
(
dτ ∧$bαe?Y
(
iWˆ bαe(γ)θ
bαe
0
))
i.e. (69). That (69) implies (67) follows since the above argument is true for all γ.
To prove (61) note that the domains N bαeX and N bαeY are related via the diffeomorphism
Υbαe : N bαeY → N bαeX , Υbαe(τ, y, u) =
(− τ, C˙bαe(y,u)(τ)) (A6)
Thus Υbαe?(dτ) = −dτ and setting (x, v) = C˙bαe(y,u)(τ) with τ > 0 yields
φbαe
(
Υbαe(τ, y, u)
)
= φbαe
(− τ, C˙bαe(y,u)(τ)) = φbαe(−τ, x, v) = (y, u) = $bαeY (τ, y, u)
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so that $bαeY = φ
bαe ◦Υbαe and thus $bαe?Y = Υbαe? ◦ φbαe?. Now
Υbαe?
(
dτ ∧ φbαe?(iWˆ bαe(F1)θbαe0 )) = Υbαe?(dτ) ∧Υbαe?φbαe?(iWˆ bαe(F1)θbαe0 ) = −dτ ∧$bαe?Y (iWˆ bαe(F1)θbαe0 )
hence
χbαe ∧ p?Y F1 = qbαe ?X SΨbαe?Υbαe?
(
dτ ∧ φbαe?(iWˆ bαe(F1)θbαe0 )) (A7)
From (63)
pX
(
Φbαe(τ, y, u)
)
= pX
(
Cbαe(y,u)(τ), y
)
= Cbαe(y,u)(τ)
and from (A6)
piX
(
$bαeX
(
Υbαe(τ, y, u)
))
= piX
(
$bαeX
(− τ, C˙bαe(y,u)(τ))) = piX(C˙bαe(y,u)(τ)) = Cbαe(y,u)(τ)
Hence pX ◦ Φbαe = piX ◦$bαeX ◦Υbαe and so
Φbαe? ◦ p?X = Υbαe? ◦$bαe?X ◦ pi?X (A8)
From the definition of S one has
4
∫
pX
Sγ = 4
∫
pX
γ (A9)
for any γ ∈ ΓΛ8(MX ×MY ).
Since Ψbαe : D → D′ is a diffeomorphism then∫
D
Ψbαe?γ =
∫
D′
γ (A10)
for any γ ∈ ΓΛ8(D′). Likewise since Υbαe : N bαeY → N bαeX is a diffeomorphism∫
N bαeY
Υbαe?γ =
∫
N bαeX
γ (A11)
for any γ ∈ ΓΛ8(N bαeX ).
For convenience set αbαe = dτ ∧ φbαe?(iWˆ bαe(F1)θbαe0 ) ∈ ΓΛ5N bαeX . For fixed x assume that F1
has support in Dx. Then one can choose β ∈ ΓΛ2MX so that p?Xβ ∧p?Y F1 has support inside
D. Thus from (A7)
supp
(
p?X(?β) ∧Ψbαe?Υbαe?αbαe
)
= supp
(
p?Xβ ∧ χbαe ∧ p?Y F1
) ⊂ D (A12)
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Now∫
MX
β ∧ 4
∫
pX
χbαe ∧ p?Y F1 =
∫
MX
β ∧ 4
∫
pX
qbαe ?X SΨ
bαe?Υbαe?αbαe from (A7)
= qbαe
∫
MX
β ∧ ? 4
∫
pX
SΨbαe?Υbαe?αbαe from (A2)
= qbαe
∫
MX
β ∧ ? 4
∫
pX
Ψbαe?Υbαe?αbαe from (A9)
= −qbαe
∫
MX
(?β) ∧ 4
∫
pX
Ψbαe?Υbαe?αbαe
= −qbαe
∫
MX×MY
p?X(?β) ∧Ψbαe?Υbαe?αbαe from (3)
= −qbαe
∫
D
p?X(?β) ∧Ψbαe?Υbαe?αbαe from (A12)
= −qbαe
∫
D
Ψbαe?
(
Φbαe?p?X(?β) ∧Υbαe?αbαe
)
from (64)
= −qbαe
∫
D′
Φbαe?p?X(?β) ∧Υbαe?αbαe from (A10)
= −qbαe
∫
N bαeY
Φbαe?p?X(?β) ∧Υbαe?αbαe since D′ ⊂ N bαeY
= −qbαe
∫
N bαeY
Υbαe?$bαe?X pi
?
X(?β) ∧Υbαe?αbαe from (A8)
= −qbαe
∫
N bαeX
$bαe?X pi
?
X(?β) ∧ αbαe from (A11)
= −qbαe
∫
EX
pi?X(?β) ∧ 4
∫
$
bαe
X
αbαe from (3)
= −qbαe
∫
MX
(?β) ∧ 4
∫
piX
4
∫
$
bαe
X
αbαe from (3)
= qbαe
∫
MX
β ∧ ? 4
∫
piX
4
∫
$
bαe
X
αbαe
Summing over bαe gives∫
MX
β ∧ 4
∫
pX
χ ∧ p?Y F1 =
∑
bαe
qbαe
∫
MX
β ∧ ? 4
∫
piX
4
∫
$
bαe
X
αbαe
Since this is true for all β with support in a neighbourhood of x then (61) holds at x.
Lemma 7. The derivation of (72) from (67).
Proof. The derivation of (72) from (67) follows by first writing the Liouville vector field (36)
as
W bαe0 = u
a ∂
∂ya
+Hν
∂
∂uν
where Hν = −Γνefueuf + q
bαe
mbαe
F0efg
νeuf
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Then setting f bαe(y, u) = f bαe0 (y, u) + f
bαe
1 (y, u) it follows from (31) that
θbαe0 = iW bαe0
(f bαe0 Ω) = f
bαe
0 iW bαe0
( | det g|
u0
dy0123 ∧ du123
)
= f bαe0
| det g|
u0
(
ucYc ∧ du123 + 12HµµνσY ∧ duνσ
)
where Ya = i ∂
∂ya
dy0123 and Y = dy0123. Consequently
gµaubi(u)µ θ
bαe
0 = f
bαe
0
| det g|
u0
gµaub
(
− 1
2
ucµνσYc ∧ duνσ −HνµνσY ∧ duσ
)
and
−dτ ∧ gµaubi(u)µ θbαe0 = f bαe0
| det g|
u0
gµaubµνσ
(uc
2
dτ ∧ Yc ∧ duνσ +Hνdτ ∧ Y ∧ duσ
)
Under the maps $bαeY and ψˆ
bαe? one has
$bαe?Y (dy
a) = dya , $bαe?Y (du
µ) = duµ
and
ψˆbαe?(dya) = dya , ψˆbαe?(duµ) =
∂uµ
∂xa
dxa +
∂uµ
∂ya
dya , ψˆbαe?(dτ) =
∂τ
∂xa
dxa +
∂τ
∂ya
dya
So using the projector S given in (70) yields
−Sψˆbαe?(dτ ∧ gνaubi(u)ν θbαe0 ) = f bαe0 | det g|u0 gµaubµνσ
(uc
2
∂τ
∂yc
∂uν
∂xd
∂uσ
∂xe
− u
c
2
∂τ
∂xd
∂uν
∂yc
∂uσ
∂xe
+
uc
2
∂τ
∂xd
∂uν
∂xe
∂uσ
∂yc
+Hν
∂τ
∂xd
∂uσ
∂xe
)
Y ∧ dxde
Hence from (67)
χbαe = −q
bαe2
mbαe
?X
(
i
(y)
ab Sψˆ
bαe?
(
dτ ∧$?Y (gνaubi(u)ν θbαe0 )
))
=
qbαe2
mbαe
?X i
(y)
ab
(
f bαe0
| det g|
u0
gµaubµνσ
(uc
2
∂τ
∂yc
∂uν
∂xd
∂uσ
∂xe
− u
c
2
∂τ
∂xd
∂uν
∂yc
∂uσ
∂xe
+
uc
2
∂τ
∂xd
∂uν
∂xe
∂uσ
∂yc
+Hν
∂τ
∂xd
∂uσ
∂xe
)
Y ∧ dxde
)
= − ?X
(
f bαe0
| det g|
u0
gµaubµνσabfg
(uc
2
∂τ
∂yc
∂uν
∂xd
∂uσ
∂xe
− u
c
2
∂τ
∂xd
∂uν
∂yc
∂uσ
∂xe
+
uc
2
∂τ
∂xd
∂uν
∂xe
∂uσ
∂yc
+Hν
∂τ
∂xd
∂uσ
∂xe
)
dxde ∧ dyfg
)
=
qbαe2
mbαe
f bαe0
| det g|3/2
2u0
gµbuaµνσabfg
dehi
(uc
2
∂τ
∂yc
∂uν
∂xd
∂uσ
∂xe
− u
c
2
∂τ
∂xd
∂uν
∂yc
∂uσ
∂xe
+
uc
2
∂τ
∂xd
∂uν
∂xe
∂uσ
∂yc
+Hν
∂τ
∂xd
∂uσ
∂xe
)
dxhi ∧ dyfg
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